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Abstract
The classification of all dihedral triangular f -tilings of the Riemannian sphere S2 whose prototiles are
an equilateral triangle and an isosceles triangle and the identification of their symmetry groups is given. We
also determine their classes of isogonality and isohedrality.
c© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
By a spherical folding tiling or f -tiling for short we mean an edge-to-edge decomposition
of the sphere by geodesic polygons, such that all vertices are of even valency and the sums
of alternating angles around each vertex are pi . A f -tiling τ is said to be monohedral if it is
composed by congruent cells, and dihedral if every tile of τ is congruent to one of two fixed sets
X and Y (prototiles of τ ).
Spherical f -tilings are strongly related to the theory of isometric foldings [9]. The study
of these special class of tilings was initiated in [1] with a complete classification of all
spherical monohedral f -tilings. Ten years later Ueno and Agaoka [10] established the complete
classification of all triangular spherical monohedral tilings (which obviously includes the
monohedral f -tilings).
Robert Dawson has also been interested in special classes of spherical tilings, see [5–7].
The complete classification of all spherical dihedral f -tilings by parallelograms and triangles
was recently obtained [2–4].
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Here our interest is focused on spherical triangular dihedral f -tilings whose prototiles are an
equilateral triangle and an isosceles triangle.
It is clear that there are no dihedral f -tiling of S2 whose prototiles are two non-congruent
equilateral spherical triangles.
Four additional and detailed information on tilings, see [8].
2. Preliminaries
Let P1 and P2 be, respectively, a r -sided convex polygon and a s-sided convex polygon of the
sphere. We shall denote by Ω(P1, P2) the set, up to isomorphism, of all dihedral f -tilings of S2
whose prototiles are P1 and P2.
Proposition 2.1. Let τ ∈ Ω(P1, P2). Denoting, respectively, by M > 0 and N > 0 the number
of r-polygons congruent to P1 and the number of s-polygons congruent to P2 of τ , and by E
and V , respectively, the number of edges and vertices of τ , then:
(i) M(r − 2)+ N (s − 2) = 2V − 4;
(ii) M(r − 3)+ N (s − 3)+ E + 6 = 3V ;
(iii) there are at least 6+ M(r − 3)+ N (s − 3) vertices of valency four.
Proof. Let γi , (i = 1, . . . , r ) and β j , ( j = 1, . . . , s) be the (internal) angles of the prototiles P1
and P2, respectively, then:
M
(
r∑
i=1
γi − (r − 2)pi
)
+ N
(
s∑
j=1
β j − (s − 2)pi
)
= 4pi.
But
M
r∑
i=1
γi + N
s∑
j=1
β j = 2piV
from which we deduce (i),
M(r − 2)+ N (s − 2) = 2V − 4. (2.1)
On the other hand, by Euler’s relation we have
M + N = E + 2− V .
Rewriting (2.1), one has
M(r − 3)+ M + N (s − 3)+ N = 2V − 4.
Hence,
M(r − 3)+ N (s − 3)+ E + 2− V = 2V − 4
implying (ii).
Let us denote by Vk, k ≥ 2, the number of vertices of valency 2k. Then∑
k≥2
2kVk = 2E .
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Fig. 1. Distinct cases of adjacency.
Accordingly,
M(r − 3)+ N (s − 3)+
∑
k≥2
kVk + 6 = 3
∑
k≥2
Vk
and so∑
k≥2
(k − 3)Vk + 6+ M(r − 3)+ N (s − 3) = 0.
Finally, it follows that
V2 = 6+ M(r − 3)+ N (s − 3)+
∑
k≥4
(k − 3)Vk ≥ 6+ M(r − 3)+ N (s − 3)
which proves the third assertion. 
Using the same terminology as above, we obtain:
Corollary 2.1. If T1 and T2 are triangular prototiles of a spherical dihedral f -tiling, then:
(i) M + N = 2V − 4 = 23 E ≥ 8;
(ii) E + 6 = 3V ;
(iii) There are at least 6 vertices of valency four.
From now on T1 denotes an equilateral spherical triangle of angle α and side a and T2 an
isosceles spherical triangle of angles β, β, γ , with sides b (opposite to β) and c (opposite to γ ).
We begin by pointing out that any element of Ω(T1, T2) has at least two cells congruent,
respectively, to T1 and T2, such that they are in adjacent positions in one and only one of the
situations illustrated in Fig. 1.
After certain initial assumptions are made, it is usually possible to deduce the nature and
orientation of most of the other tiles sequentially. Eventually either a complete tiling, or an
impossible configuration proving that the hypothetical tiling fails to exists, is reached. In the
diagrams that follow the order in which this deductions can be made is indicated by the
numbering of the tiles. For j > 2, the location of tiling j can be deduced directly from the
configurations of tiles (1, 2, . . . , j − 1) and from the hypothesis that the configuration is part of
a complete tiling, except where otherwise indicated.
3. Triangular dihedral f -tilings with adjacency of type I
In this section we study the set Ω(T1, T2) when T1 and T2 are tiles with adjacency of type I.
From the configuration I of Fig. 1, we are led to the one illustrated in Fig. 2 and so α+β ≤ pi .
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Fig. 2. Planar representation.
Fig. 3. Planar representation.
Proposition 3.1. If T1 and T2 are tiles with adjacency of type I such that α + β = pi , then
Ω(T1, T2) 6= ∅ if and only if α + kγ = pi , for some k ≥ 2. In this situation we end up with
d k2e + 1 non-isomorphic dihedral f -tilings.
Proof. In the conditions of this Proposition the union of T1 and T2 forms an isosceles triangle of
sides a, a, a + c and so α = β = pi2 .
The angle labelled θ in Fig. 2 cannot be equal to γ , otherwise T2 would be an equilateral
triangle congruent to T1. Taking into account the sides of the two triangles, θ cannot be equal to
β either. Therefore, θ = α.
We may add some new cells to the local configuration and a decision must be made about the
angle x ∈ {α, β, γ } in the new configuration (Fig. 3-I). Assuming x = β or x = α, we may
conclude that v is a vertex of valency 4 and the other two angles around v are, respectively, γ
and β or γ and α. In any case, γ = pi2 , leading once more to the contradiction of T2 being an
equilateral triangle congruent to T1. Hence x = γ , and so the local planar representation of τ can
be expanded a little bit more leading to the following configuration, Fig. 3-II.
Looking at the sequence of alternate angles around vertex v (Fig. 3-II) one has α + γ ≤ pi .
However, the assumption that α + γ = pi implies that γ = pi2 and, as we have seen before, we
end up in a contradiction. Therefore α + γ < pi and so γ < pi2 .
Around vertex v the alternate sum containing α must be then, of type α + kγ = pi , for some
k ≥ 2. The arrangement of sides emanating from this vertex requires that the other alternate sum
is also composed by one angle α and k angles γ , see Fig. 4.
There are k possibilities to place angle α around v, each one leading to a global planar
representation of a tiling τ ∈ Ω(T1, T2), but only
⌈ k
2
⌉
represent non-isomorphic f -tilings.
These two-parameter family of f -tilings will be denoted by Dik , where k ≥ 2 and i =
1, . . . ,
⌈ k
2
⌉+ 1.
In Fig. 5 we present the 2 non-isomorphic tilings Di3, i = 1, 2 corresponding to γ = pi6 .
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Fig. 4. Angles arrangement emanating from vertex v with k = 3.
Fig. 5. 3D representations of the f -tilings D13 and D23 .
Fig. 6. A family of isosceles triangle with two fixed sides.
Observe that for each k ≥ 2, all the f -tilings Dik , i = 1, . . . ,
⌈ k
2
⌉+ 1 can be obtained from a
monohedral f -tiling with prototile an isosceles triangle of angles pi2 ,
pi
2k ,
pi
2k by eliminating some
edges. 
Proposition 3.2. If T1 and T2 are tiles with adjacency of type I with α + β < pi (Fig. 2), then
Ω(T1, T2) = ∅.
Proof. Assuming that T1 and T2 are tiles with adjacency of type I one has
cosα(1+ cosα)
sin2 α
= cosβ(1+ cos γ )
sinβ sin γ
implying cosα cosβ > 0. As α + β < pi then α < pi2 and β < pi2 . According to Proposition 2.1
vertices of valency 4 must exist and so γ ≥ pi2 .
It is a straightforward exercise to show that: given a family of isosceles triangle Tθ (Fig. 6)
of angles θ, ε, ε and sides lθ , x0, x0 where x0 is a fixed value of ]0, pi2 [ and θ ∈]0, pi[, then θ
increases if and only if ε decreases.
Using this result we may conclude that α > β. Summarizing one has
γ ≥ pi
2
> α > β.
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Fig. 7. Planar representation.
Let us consider again the local planar representation illustrated in Fig. 2. Taking into account
the order relation among α, β and γ and the possible angles surrounding vertex v, the alternate
angle sum containing γ can satisfy neither 2γ < pi , γ + α < pi nor γ + β < pi (observe that
2γ +β > γ +α+β > γ +2β > pi). On the other hand, if it satisfies 2γ = pi or γ +β = pi , then
α + ρ = pi for some ρ ∈ {α, β, γ } which is not possible under the angle ordering established
above. Hence α + γ = pi .
Starting from the configuration illustrated in Fig. 2, we may add new cells ending up with the
one illustrated in Fig. 7.
Now, we are able to order all the angles
pi
6
< β <
pi
3
< α <
pi
2
< γ <
2pi
3
.
The first observation is that any vertex surrounded by an angle γ has valency four and it is
surrounded, in cyclic order, by the sequence of angles (γ, γ, α, α).
The alternate angle sums of vertices that do not have angles γ around them must obey one of
the following conditions:
4β = pi, 5β = pi, α + 2β = pi, α + 3β = pi or 2α + β = pi.
Next, we shall show that all vertices without angles γ around them are of the same type.
Clearly, the alternate sums of the angles surrounding vertex w in Fig. 7 must satisfy
α + 2β = pi, α + 3β = pi or 2α + β = pi.
• If α + 2β = pi , then obviously α + 3β 6= pi and 2α + β 6= pi . We also have 4β 6= pi and
5β 6= pi , otherwise α = pi2 or α = 3pi5 contradicting the condition α < pi2 .• If α+ 3β = pi , then obviously α+ 2β 6= pi and also 4β 6= pi , otherwise α = pi4 contradicting
the condition α > pi3 . In cases 2α + β = pi or 5β = pi we get α = 2pi5 and γ = 3pi5 .
• If 2α + β = pi , then obviously α + 2β 6= pi . The case 4β = pi leads to α = 3pi8 and γ = 5pi8 .
Finally, in cases 5β = pi or α + 3β = pi we get, as before, α = 2pi5 and γ = 3pi5 .
Summarizing, any planar representation of τ ∈ Ω(T1, T2) must contain two triangles in
adjacent positions in one of the following situations, Fig. 8. However, they are not compatible.
In fact, the sides signed in those configurations are of different lengths.
We have just shown that all the vertices surrounded by a set of angles not containing γ are all
of the same type.
The configuration illustrated in Fig. 7 eliminates the cases 4β = pi , 5β = pi and 2α+β = pi .
And so the remaining cases are
α + 2β = pi and α + 3β = pi.
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Fig. 8. Incompatible adjacent triangles.
Fig. 9. Planar representation.
Fig. 10. Planar representation.
Considering α + 2β = pi , the configuration illustrated in Fig. 9 takes place leading to a
contradiction (observe the angles surrounding vertex z1).
Assuming that α + 3β = pi , and considering the symmetry of the local planar representation
we get the configuration illustrated in Fig. 10 leading, once again to a contradiction (observe the
angles surrounding vertex z2).
Note: On construction we assume that tile 13 is an equilateral triangle. If we had considered
that it was an isosceles triangle then we would also have ended up into a contradiction (at vertex
z˜2). 
4. Triangular dihedral f -tilings with adjacency of type II
In this section we describe the set Ω(T1, T2) where T1 is an equilateral triangle of angle
α and T2 is an isosceles triangle of angles β, β, γ with adjacency of type II (Fig. 1-II). This
side adjacency condition implies immediately that α 6= β. Starting a planar representation of
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Fig. 11. Planar representation.
Fig. 12. Planar representation.
τ ∈ Ω(T1, T2) with two adjacent cells congruent to T1 and T2 respectively (Fig. 11), a choice for
the angle θ must be made.
With the above terminology, one has:
Proposition 4.1. If Ω(T1, T2) 6= ∅ then θ = β and α + β < pi . In this case we end up with
three isolated non-isomorphic dihedral f -tilings (Fig. 21).
Proof. Using the labelling of Fig. 11, it follows that θ = γ or θ = β and α+θ = pi or α+θ < pi .
We shall consider each of these separately.
1. If θ = γ and α + γ = pi then expanding the configuration illustrated in Fig. 11 yields the
configuration Fig. 12.
Accordingly, β = pi2 and by the adjacency condition a = γ . But,
cosα + cos2 α
sin2 α
= cos(pi − γ )+ cos
2(pi − γ )
sin2(pi − γ ) = cos γ,
i.e. −1+ cos γ = sin2 γ leading to an absurd (γ = 0).
2. If θ = γ and α + γ < pi , then one of the alternate angle sums around vertex v (Fig. 11) is
of the form α + γ + λ = pi , where the parameter λ can be a sum of several angles γ (λ = kγ ,
k ≥ 1) or a sum of angles where at least one of them is either α or β.
2.1. In the first case, having in mind the adjacency rules for the sides (see Fig. 13-I) we
conclude that there is a contribution of at least two angles β and one angle γ for the other
alternate angle sum (around v), leading to a contradiction since 2β + γ > pi .
2.2. Suppose, now, that λ is a sum of angles where at least one of them is α. Then 2α+γ ≤ pi
and hence γ < pi3 < α <
pi
2 . According to Corollary 2.1 we conclude that β ≥ pi2 and vertex v is
a vertex of the type illustrated in Fig. 13-II.
The sum of the alternate sequence of angles around v containing β, visible in Fig. 13-II, is
β + kγ + α = pi , k ≥ 1. Once again, the adjacency rules for the sides imply that the other
alternate sequence of angles cannot have more than one angle α contradicting our assumption.
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Fig. 13. Angles arrangement around vertex v.
Fig. 14. Planar representation.
Fig. 15. Planar representations.
2.3. Finally, assume that λ is a sum of angles where at least one of them is β. Consequently
α + γ + β ≤ pi . As 2β + γ > pi then α < β. And so, γ < pi3 < α < β, but the existence
of vertices of valency 4 (Corollary 2.1) forces β = pi2 (observe that α + β < pi , α + γ < pi ,
γ + β < pi , 2γ < pi and if α = pi2 then α + β + γ > pi).
Looking at the other sequence of alternate angles around v containing β we may have one
angle β and all the other ones γ (see Fig. 14-I) or one angle β, one angle α and all the other ones
γ (see Fig. 14-II).
In the first case the adjacency rules for the sides are violated and in the second case, in spite of
being able to add some more cells, one of the alternate angle sum around vertexw is 2α+sγ = pi
and the other is α + β + (s − 1)γ + β = pi , for some s ≥ 1. But this is absurd since 2β = pi .
3. If θ = β and α + β = pi , then α = γ (the cells T1 and T2 form a spherical lune) and a
decision about the angle labelled x in Fig. 15-I must be taken.
Assuming x = γ , then α + γ < pi (otherwise β = γ ), α = γ < pi2 and the valency of
vertex z in Fig. 15-I is bigger than 4. On the other hand β > pi2 and so vertex z must be at most
of valency 4, which is a contradiction. Accordingly x = β, and we can extend the configuration
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Fig. 16. Planar representations.
illustrated in Fig. 15-I, obtaining the one given in Fig. 15-II. From this configuration we conclude
that α = γ = pik , k ≥ 2. For k = 2, α = pi2 = γ = β and for k > 2, α ≤ pi3 and so this global
planar representation does not give rise to a spherical f -tiling.
4. Finally we analyze the case θ = β and α + β < pi (see Fig. 11). Consider the alternate
angle sum containing α and β around v. Besides α and β this sum must contain, at least, one
other angle φ, with φ ∈ {α, β, γ }.
4.1. If φ = γ then α + β + γ ≤ pi and so β > α since 2β + γ > pi . Consequently
γ < pi3 < α < β. The existence of vertices of valency 4 forces β = pi2 (as seen before in 2.3)
and so the other sequence of alternate angles must have either one angle β and several angles
γ or one angle β, one angle α and several angles γ . However the adjacency rules for the sides
eliminates all these hypotheses. Hence, there are no angles γ belonging to the alternate angle
sum containing α and θ = β (Fig. 11).
4.2. If φ = α then 2α + β ≤ pi , and so β < pi3 < α < pi2 ≤ γ .
Expanding the configuration illustrated in Fig. 11 we get one of the planar representations
illustrated in Fig. 16, where the angle labelled ρ must be γ or β.
If ρ = γ (Fig. 16-I) the order relation between the angles α, β and γ obliges α + γ = pi
and as β + γ < pi , vertex z must be of valency bigger than 4 which is a contradiction, since
γ + β + x > pi for any x ∈ {α, β, γ }.
The case ρ = β (Fig. 16-II) allows us to conclude that γ = pi2 and consequently β > pi4
(observe that γ + 2β > pi). Ordering, one has
pi
4
< β <
pi
3
< α <
pi
2
= γ. (4.1)
It follows that the alternate angle sum around v containing α and β is 2α + β = pi , otherwise
2α + β + x ≥ 2α + 2β > pi for any x ∈ {α, β, γ }. By (4.1) we may also conclude that the
alternate angle sum around any vertex is either 2α + β = pi or 2γ = pi .
This information permit us to extend the configuration illustrated in Fig. 16-II to get the one
below, Fig. 17.
Looking at vertex u (Fig. 17) a decision about the tile numbered 17 must be made. We have
two choices to assign edge length to this tile. However this choice is irrelevant since either one
of them forces an extension to a tiling τ ∈ Ω(T1, T2), as illustrated in Fig. 18. This f -tiling
will be denoted by E . It is composed of 32 equilateral triangles and 24 isosceles triangles. A 3D
representation is illustrated in Fig. 21.
Since γ = pi2 and 2α + β = pi the adjacency condition implies
cos
(
pi
2
)+ cos2(2α)
sin2(2α)
= cosα + cos
2 α
sin2 α
i.e. α ≈ 65.188◦ and β ≈ 49.624◦.
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Fig. 17. Planar representation.
Fig. 18. Complete planar representation.
4.3. Finally if φ = β, then α + 2β ≤ pi . As γ + 2β > pi , one has
β <
pi
3
< α < γ.
Accordingly, the sum of the sequence of alternate angles around v containing α and β must
be α + pβ = pi , p ≥ 2 (the other cases were already studied). Extending the configuration
illustrated in Fig. 11 we get the one illustrated in Fig. 19-I. As done in case 4.2., the tile labelled
by 5 must be as shown leading us to γ = pi2 . Now β > pi4 since 2β + γ > pi . And so p = 2
i.e. α + 2β = pi .
By the adjacency condition we have
cos
(
pi
2
)+ cos2 β
sin2 β
= cos
2(2β)− cos(2β)
sin2(2β)
i.e.
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Fig. 19. Planar representations.
Fig. 20. Complete planar representations.
α ≈ 70.529◦ and β ≈ 54.735◦.
The local planar representation illustrated in Fig. 19-I can now be extended a little bit more and
a resolution about the two possible positions for the sides of the tile numbered 4 must be taken,
see Fig. 19-II. The two choices lead to two extended planar representations of non-isomorphic
dihedral f -tilings illustrated in Fig. 20. We shall denote them by F1 (Fig. 20-I) and F2 (Fig. 20-
II), respectively. 3D representations are illustrated in Fig. 21.
Note: On construction of the configuration illustrated in Fig. 20-II tile 11 could have been
placed in a different way, giving two adjacent α angles, and the tiling could still have been
completed; however, the resulting tiling would have been equivalent to that of Fig. 20-I. Later
on, the same argument applies to the placement of tile 17. 
5. Symmetry groups
Let τ denote a spherical f -tiling. A spherical isometry σ is a symmetry of τ if σ maps every
tile of τ into a tile of τ . It follows immediately that the set of all symmetries of τ is a group under
composition of maps, denoted by G(τ ).
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Fig. 21. 3D representations.
We shall say that the tiles T and T ′ of τ are in the same transitivity class if the symmetry
group G(τ ) contains a transformation that maps T into T ′. If τ contains k transitivity classes of
tiles, then τ is said k-isohedral. Similarly, if there are k transitivity classes of vertices, then τ is
said k-isogonal.
It is well known that any spherical isometry is either a reflection, a rotation or a glide-
reflection, which consists of reflecting through some spherical great circle (or a plane containing
the origin) and then rotating around the line orthogonal to the great circle and containing the
origin. On the other hand, if v and v′ are vertices of a spherical f -tiling τ , and σ is a symmetry
of τ , such that σ(v′) = v, then every symmetry of τ that sends v′ into v is a composition of σ with
a symmetry of τ fixing v. It is also convenient to state that the isometries that fix v are exactly
the rotations around the line containing ±v and the reflections through the great circles by ±v.
Here we classify the group of symmetries of the spherical f -tilings obtained in Sections 3 and
4. We also determine the transitivity classes of isogonality and isohedrality.
(i) Consider the f -tilings Dik , i = 1, . . . ,
⌈ k
2
⌉ + 1 (Fig. 5). The symmetries of Dik leaving the
north pole (0, 0, 1) fixed (and consequently the south pole) are the identity map and the
reflection through the (coordinate) plane yOz. On the other hand the reflection through the
plane xOy permutes (0, 0, 1) with (0, 0,−1). It follows that G(Dik) has order 4 and it is
isomorphic to the Klein 4-group. Besides, Dik is k + 1-isohedral and k + 2-isogonal.
(ii) The symmetries of the f -tiling E (Fig. 21) that fix a vertex v of valency four (and its
antipode) are generated by the rotation through an angle pi2 around the axis by ±v. On
the other hand, for any vertex v of valency four there is a symmetry of E sending (1, 0, 0)
into v. It follows that G(E) has exactly 24 elements, and it forms the group of orientation
preserving symmetries (rotations) of the cube. S4 is sometimes referred to be as this group.
It follows that G(E) is 2-isohedral and 2-isogonal.
(iii) The reflection through the plane yOz is a symmetry of F1 (Fig. 21). On the other hand any
symmetry of F1 fixes T or sends T into T ′, where T and T ′ are, respectively, the equilateral
triangles with (1, 0, 0) and (−1, 0, 0) at their center. The symmetries of F1 fixing T are
precisely the symmetries of the triangle T , i.e, spherical isometries that sends T into itself
— the permutation group S3. The symmetries of F1 that send T into T ′ are a composition
of a symmetry fixing T with the reflection through the plane yOz. Since this reflection
commutes with the symmetries that fix T we conclude that G(F1) is isomorphic to the
prismatic symmetry group C2 × S3. It follows that F1 is 5-isohedral and 3-isogonal.
(iv) With similar argumentation we may observe that G(F2) (Fig. 21) has exactly 48 elements
and it is isomorphic to the group of all symmetries of the cube — the octahedral group,
sometimes refereed as C2 × S4. The tiling F2 is 2-isohedral and 2-isogonal.
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Table 1
The combinatorial structure of the dihedral f -tilings of the sphere by equilateral and isosceles triangles
f -tiling α β γ M N |V | G(τ ) # isoh. # isog.
Dik pi2 pi2 pik 4k 4 2 C2 × C2 k + 1 k + 2
E 65.188◦ 49.624◦ pi2 32 24 2 S4 2 2
F1 70.529◦ 54.735◦ pi2 8 24 3 C2 × S3 5 3
F2 70.529◦ 54.735◦ pi2 8 24 2 C2 × S4 2 2
Table 1 shows a complete list of all spherical dihedral f -tilings, whose prototiles are an
equilateral triangle T1 of angle α and an isosceles triangle T2 of angles β, β, γ . We have used
the following notation.
• |V | is the number of distinct classes of congruent vertices;
• M and N are, respectively, the number of triangles congruent to T1 and the number of triangles
congruent to T2 used in such dihedral f -tilings;
• G(τ ) is the symmetry group of the f -tiling τ . The numbers of isohedrality-classes and
isogonality-classes for the symmetry group are denoted, respectively, by # isoh. and # isog.
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